We propose an effective geometrical approach to recover the normal form of a given Elasticity tensor, once we know its symmetry class. In other words, we produce a rotation which brings an Elasticity tensor onto its normal form, given its components in any orthonormal frame, and this for any tensor of any symmetry class. Our methodology relies on the use of specific covariants and on the geometric characterization of each symmetry class using these covariants.
Introduction
The linear elastic properties of a given material are encoded into an Elasticity tensor E, a fourth-order tensor which relates linearly the stress tensor to the strain tensor. As it was clearly emphasized by Boehler and coworkers [7] , any rotated Elasticity tensor encodes the same material properties (in a different orientation). One shall say that the rotated tensor and initial one are in the same orbit.
The elastic materials are classified by their eight symmetry classes [15] (isotropic, transverselyisotropic, cubic, trigonal, tetragonal, orthotropic, monoclinic, triclinic). Any non triclinic Elasticity tensor has a normal form. An orthonormal frame in which the matrix representation of this tensor belongs to such a normal form is called a proper or natural basis for E [14] . For instance, consider a cubic Elasticity tensor which is given in an arbitrary frame by its Voigt representation as (1.1) [ 1111  1122  1133  1123  1113  1112   2211  2222  2233  2223  2213  2212   3311  3322  3333  3323  3313  3312   2311  2322  2333  2323  2313  2312   1311  1322  1333  1323  1313  1312   1211  1222  1233  1223 1213 1212
Then, there exists a rotation such that the rotated Elasticity tensor, denoted by ⋆ E and where ( ⋆ E) = , has the following Voigt representation
The problem is that it is not always easy to compute explicitly such a rotation. For instance, given a cubic Elasticity tensor in its normal form (1.2) and applying a rotation of angle 6 around axis < 111 >, it is not an easy matter, if not aware of this transformation, to find a way back. Moreover, measured tensors are in practice triclinic, due to numerical errors and experimental discrepancy [1, 16, 13, 18] . Hence, the problem may also be numerically difficult. Partial answers concerning the explicit determination of a proper basis have already been investigated in [11, 10, 19, 5, 9] for the monoclinic and the orthotropic symmetry classes. To do so, the authors construct a basis of eigenvectors for the second-order symmetric tensors that inherit (part) of the symmetry of E; the dilatation and Voigt's tensors [11, 10] , defined as The cornerstone of this approach is that d = d(E) and v = v(E) are covariants of E, meaning that one has the covariance property
where ( ⋆ a) = , for a second-order tensor a. In some non-degenerate cases, this leads to the answer. The weakness of this approach is that d and v have at least the symmetry of E but they may have more symmetry. For instance, in the cubic case, the pair (d, v) is isotropic. Such loss of information has to be handled, as they can be experimentally encountered, for example from the ultrasonic measurements made on a Ni base single crystal superalloy, close to be cubic [17] (studied in section 5.1).
A natural idea is to extend the idea of using covariants of E, which naturally inherit the symmetry of E, but different from d and v. Note, however, that second-order covariants cannot always encode all the geometric information carried by a fourth-order tensor [6, 22] (for example when E is cubic). Taking account this observation, it has been tried by some authors to use the harmonic factorization, according to Sylvester's theorem [26] and Maxwell's multipoles [27] . However, this involves roots' computations of polynomials of degree 4 and 8 [4, 5, 8] , in order to build a set of 8 unit vectors (Maxwell's multipoles), without any clue of how to organize such data. Besides, Maxwell's multipoles are not, strictly speaking, first-order covariant of E and are very sensitive to conditioning.
The purpose of the present work is to obtain an explicit normal form of an Elasticity tensor E once we know its symmetry class. Note, by the way, that the problem of determining the symmetry class of a given elasticity tensor E, using polynomial covariant equations, has already been solved explicitly in [23] . Of course, our goal can be achieved numerically, as we can compute E = ⋆ E for all ∈ SO(3) and try to find rotation such that Voigt's representation [E] has the good shape [16, 17] . A more geometrical approach, initiated in [11, 10, 19, 5] , relying on covariants, is possible and will be described in this work. We shall formulate new effective and fast algorithms to calculate a natural basis for a given Elasticity tensor, once we know its symmetry class.
An important tool, introduced in [12, 23] and which will be used many times in this paper, is the generalized cross product between two totally symmetric tensors of any order A = A and B = B . It is defined as follows
where (·) means the total symmetrization (over all subscripts) and where is Levi-Civita third order tensor ( = det( , , ) in any orthonormal frame ( )). The outline of the paper is as follows. We first recall some mathematical materials on the normal form of an Elasticity tensor in section 2 and the harmonic decomposition and covariants in section 3. Then, in section 4, we formulate and prove theorems that are the cornerstones to build our algorithms. In section 5, we provide and analyze experimental data, issued from the literature and which will be used to illustrate our methodology. Finally, in section 6, we explicit our algorithms, which for any given elasticity tensor E produce a natural basis for it (and thus a rotation which brings it back to its normal form).
Normal form of an Elasticity tensor
An Elasticity tensor E represents a material in a specific orientation, but the same material is represented in another orientation by a rotated tensor ⋆ E. In mathematical terms, this means that the rotation group SO(3) acts linearly on the space Ela of Elasticity tensors, which we write as
is called the orbit of E. A linear elastic material is thus represented by an orbit of an Elasticity tensor and not by an individual Elasticity tensor.
The symmetry group of a tensor E ∈ Ela is the subgroup of SO(3) defined as
Therefore, the classification of symmetries of materials relies on the conjugacy classes
rather than on the symmetry groups of their respective tensors in a specific orientation. These are known as symmetry classes.
It was shown in [15] • Z 2 is generated by the second-order rotation r( 3 , ). It has order 2;
• D 2 is generated by the second-order rotations r( 3 , ) and r( 1 , ). It has order 4;
• D 3 is generated by the third order rotation r( 3 , 2 3 ) and the second-order rotation r( 1 , ). It has order 6;
• D 4 is generated by the fourth-order rotation r( 3 , 4 ) and the second-order rotation r( 1 , ). It has order 8; • O is the octahedral group, the orientation-preserving symmetry group of the cube with vertices (±1, ±1, ±1), which has order 24; • O(2) is the group generated by all rotations r( 3 , ) ( ∈ [0; 2 [) and the second-order rotation r( 1 , ). It is of infinite order.
There exists a partial order on symmetry classes, induced by inclusion between subgroups, defined as follows:
We can thus say that a tensor has "at least" or "at most" such or such symmetry. For example, a tensor E is said to be at least orthotropic if it is either orthotropic, tetragonal, transverselyisotropic, cubic or isotropic. A tensor E is said to be at least trigonal if it is either trigonal, transversely-isotropic, cubic or isotropic. This order is however partial, which means that two classes cannot necessarily be compared (for example the trigonal and the tetragonal classes). The symmetry classes and their relations are summarized in Figure 1 , where an arrow This linear subspace of Ela is called a linear slice. It meets all the orbits of tensors which have at least the symmetry class [ ]. In other words, given an Elasticity tensor E in the symmetry class [ ], there exists a rotation ∈ SO(3) such that the symmetry group of ⋆ E is exactly the subgroup , which means that ⋆ E ∈ Ela . We say then that the Elasticity tensor ⋆ E is a normal form of E. Remark 2.1. When is a finite group, the linear slice Ela is the subspace of solutions of the linear system ⋆ E = E ( = 1, . . . , ), where the generate .
We recall now, for each (non trivial) symmetry class [ ] of Ela, a normal form for each class in the Voigt representation. An orthonormal basis in which the Voigt representation of an elasticity tensor E is a normal form is called a proper basis or a natural basis for E.
• The cubic normal form has 3 independent parameters and writes 
Covariants of the Elasticity tensor
A polynomial covariant C(E) of the Elasticity tensor E, is a tensor C which is a polynomial function of E and such that
Examples of covariants are the dilatation and Voigt's second-order covariants d(E), v(E), defined by (1.3). Fourth-order covariants appear in the harmonic decomposition
of an elasticity tensor (see [4, 24, 2] ), where d ′ and v ′ are the deviatoric parts of d and v, defined as
More precisely, we can write
where the isotropic part of E is defined as
and its dilatation-Voigt part as
The remaining part
is a fourth-order harmonic tensor (i.e. totally symmetric and traceless).
Remark 3.1. In these formulas, we have used the tensor products ⊗ and ⊗ of two symmetric second-order tensors a and b
The covariants d(E), v(E) and H(E) depend linearly on E but there are other non linear covariants which are extremely useful to study the geometry of E and they have been extensively used in [23] to formulate simple characterizations of the Elasticity symmetry classes. One of them is the following second-order, quadratic covariant, first introduced by Boehler and coworkers [7] :
It depends on E through H. A full set of 70 polynomial covariants of H which generates the polynomial covariant algebra of H has been produced in [23] .
Recovering normal forms using covariants
Covariants are useful to characterize the symmetry class of a tensor [23] . For instance, we have introduced in (1.4), the generalized cross product which writes
for two second-order symmetric tensors A = a and B = b, and we have the following result [23] .
A second-order symmetric tensor a is orthotropic if and only if the third order covariant a 2 × a is non-vanishing.
Consider now a family of second-order symmetric tensors ℱ = {a 1 , a 2 , . . . , a }, with ≥ 2. Recall that the symmetry class [ ℱ ] of ℱ is the conjugacy class of the subgroup
and that such a family is either isotropic, transversely-isotropic, orthotropic or monoclinic. We have moreover the following result [23] .
Let (a 1 , . . . , a ) be an -tuple of second-order symmetric tensors. Then:
where a ′ is the deviatoric part of a . (2) (a 1 , . . . , a ) is transversely-isotropic if and only if there exists a such that
and
• either there exists a such that a × a 2 ̸ = 0;
• or there exists a pair (a , a ) such that a × a ̸ = 0. Theorem 4.3 is the key point to recover the natural basis of a family ℱ = {a 1 , a 2 , . . . , a } of second-order symmetric tensors as follows. A natural basis for the family ℱ is one in which all the members of the family have the same matrix-shape with a maximum of zero (see Figure 2 ). The problem of finding a normal form for ℱ is meaningful only when it is transverselyisotropic, orthotropic or monoclinic. As an illustration of our purpose, we shall now detail how to find a rotation which brings ℱ into a normal form in each of these three cases.
• ℱ is transversely-isotropic: Find a member a as in point (2) of theorem 4.3. Any basis in which a is diagonal, the last vector corresponding to its simple eigenvalue, will achieve the task.
• ℱ is orthotropic: If there exists a orthotropic in ℱ (i.e a 2 × a ̸ = 0), then just diagonalize a and this will answer the question. Otherwise, by point (3) of theorem 4.3, we can find an orthotropic pair (a , a ) in ℱ where both a and a are transverselyisotropic. In that case, the eigenspaces of a and a corresponding to single eigenvalues are one-dimensional and mutually orthogonal. A natural basis for ℱ is obtained by choosing a unit vector in the first space, in the second space and completing to a (direct) basis by adding × . • ℱ is monoclinic: In that case, construct as in point (4) of theorem 4.3. Normalize it to a unit vector and complete it into a basis by adding an orthonormal basis of the plane ⊥ . Permute, if necessary, the vectors to obtain a direct basis and we are done.
Remark 4.5. If t is a non-vanishing transversely-isotropic deviator, we do not need to solve a polynomial equation to compute its unique simple eigenvalue. It is given by
and the main axis of t (eigenspace of the simple eigenvalue) corresponds to the one-dimensional subspace
Remark 4.6. If (a 1 , a 2 ) is an orthotropic couple where both a 1 and a 2 are transversely-isotropic, then, their respective main axes are orthogonal and correspond respectively to ker
The methodology developed above for a family ℱ of second-order symmetric tensors will allow us to find a natural basis of all elasticity tensors E, provided they are either transverselyisotropic, tetragonal, trigonal, orthotropic or monoclinic. The isotropic case is trivial and the triclinic case will not be considered in this paper (even if it also possible to define some kind of normal form for a triclinic tensor). The cubic case will be treated at the end of this section. To start with, we recall the following result which was obtained in [23] . It allows us to solve the problem when E is either transversely-isotropic, tetragonal or trigonal (details will be provided in section 6).
Theorem 4.7. Let E be a transversely-isotropic, tetragonal or trigonal Elasticity tensor. Then,
To be able to reduce the case of an elasticity tensor E to a family of second-order symmetric tensors, when E is either orthotropic or monoclinic, we need more second-order symmetric covariants which we shall introduce now. First, let us recall that the 2-contraction between H and a second-order tensor a is defined as
Using this operation, we produce first the following two covariants and introduce two families of symmetric second-order covariants of E, which will allow us to solve the problem when E is either orthotropic or monoclinic. The first family
will be used in the orthotropic case and the second family (1) If E is orthotropic then the family ℱ of second-order tensors is orthotropic.
(2) If E is monoclinic then the family ℱ of second-order tensors is monoclinic.
It remains to solve the problem when E is cubic. In that case, each second-order covariant of E is isotropic [23] . Therefore its fourth-order covariant H is necessarily cubic (and thus nonvanishing). A natural basis for H is therefore also one for E. The key-point to calculate such a natural basis is then provided by the following theorem. Proof. The binary operation tr(H × a) being covariant, solutions a of tr(H × a) = 0 write as ⋆ a 0 , where a 0 are the solutions of tr(H 0 × a 0 ) = 0, and where H 0 is the normal form of H. This normal form H 0 (see for instance [3] ) writes, in Voigt's representation (1.1), as
where ̸ = 0. It can be checked that the space of solutions of the equation tr(H 0 × a 0 ) = 0 corresponds exactly to the three-dimensional vector space of diagonal tensors, in which orthotropic tensors are a dense open set. Hence, any natural basis for H 0 (there are 24 such ones) is a natural basis for any solution a 0 of tr(H 0 × a 0 ) = 0. Conversely, any natural basis of an orthotropic solution a 0 corresponds to a natural basis of H 0 , since there are only 24 such bases. Therefore, any natural basis for H corresponds to a natural basis of a, an orthotropic solution of tr(H × a) = 0, and vice-versa, which ends the proof.
Experimental data
As pointed out in the introduction, natural bases have been obtained in the literature for some non-degenerate situations, using the dilatation or Voigt's tensors [11, 10, 19, 5, 9] . We present here some data which will be used in section 6 to illustrate are methodology. They consist in a Ni base single crystal superalloy (with its cubic, tetragonal, orthotropic and monoclinic approximations), an -quartz [25, 27] (with its trigonal approximations), and a transverselyisotropic approximation issued from [20] . Note that the Ni base single crystal superalloy has a microstructure close to be cubic [17] . Thus, we consider relevant approximations of its associated Elasticity tensor to be cubic (and thus d ′ = v ′ = 0). These approximations have exactly the corresponding symmetry. Finally, in this section, all the experimental tensors, and their linear covariants, are expressed in GPa and their fourth-order harmonic components are given in Appendix A. 
. Moreover:
• the square of the norm of the isotropic part E of E writes
It corresponds to the contribution of the isotropic parts of the dilatation and the Voigt tensors. • the square of the norm of the dilatation-Voigt parts E dv of E writes
It corresponds to the contribution of the deviatoric parts of the dilatation and the Voigt tensors. • the square of the norm of the harmonic part H of E writes
For this single crystal superalloy the isotropic contribution is the largest,
while the anisotropic dilatational-Voigt contribution is negligible, as ‖E dv ‖ 2 ‖E ‖ 2 = 0.005826 and the fourth-order harmonic contribution is second in magnitude,
All the following approximations have identical isotropic parts. [20] . In Voigt's representation, it writes 
Effective computations
For each symmetry class, we shall explain how to find a rotation which brings an Elasticity tensor E whose components are given in an arbitrary orthonormal direct basis ℬ 0 = ( 1 , 2 , 3 ), into its normal form. More precisely, we will compute an orthonormal basis ℬ = ( 1 , 2 , 3 ), and hence a rotation
such that the Voigt's representation (1.1) of ⋆ E is a normal form of the symmetry class of E.
6.1. Cubic class. The proposed methodology for a cubic Elasticity tensor E is the following.
(1) Calculate the fourth-order harmonic tensor H of E from (3.1). (2) Solve the linear system tr(H × a) = 0, where a is a second-order symmetric tensor.
(3) Pick-up randomly a solution a among them. According to theorem 4.9, it will be orthotropic. This can be checked by verifying that a 2 × a ̸ = 0. (4) Diagonalize a and compute a direct orthonormal basis ℬ = ( 1 , 2 , 3 ) of eigenvectors for a. 
The normal form given in [17] is retrieved.
Transversely isotropic class. The proposed methodology for a transversely-isotropic
Elasticity tensor E is the following. 
and we can check that the triplet (d ′ , v ′ , d 2 ′ ) is transversely-isotropic. We choose t = d ′ . Its simple eigenvalue is given by which is the normal form of the optimal transversely-isotropic tensor obtained in [20] .
6.3. Trigonal class. The proposed methodology for a trigonal Elasticity tensor E is the following. The first three steps are the same as the ones for the transversely-isotropic case.
(1) Compute the transversely-isotropic triplet (d ′ , v ′ , d 2 ′ ) from E (see proposition 4.7 and section 3). Extract from this triplet a transversely-isotropic deviator t.
(2) Let 3 be a unit vector, solution of the linear system
(3) Complete 3 into a direct orthonormal basis ℬ 1 = ( 1 , 2 , 3 ) of R 3 , using (6.2), for instance, and define 1 as the rotation given by (6.1). We check that v ′ is transversely-isotropic (v ′ 2 × v ′ = 0) and observe that
The simple eigenvalue of v ′ is given by We build then a direct orthonormal basis ℬ 1 = ( 1 , 2 , 3 ) using (6.2) and define 1 using (6.1), 6.4. Tetragonal class. The methodology for a tetragonal Elasticity tensor E is similar to the one used for the trigonal case.
(2) Let 3 with ‖ 3 ‖ = 1 be a solution of the linear system
(3) Complete 3 into a direct orthonormal basis ℬ 1 = ( 1 , 2 , 3 ) of R 3 , using (6.2), for instance and define 1 as the rotation given by (6.1). Thus, a rotation of E around 3 and of angle 0 , solution of (6.5), leads to the normal form (2.6). We build then a direct orthonormal basis ℬ 1 = ( 1 , 2 , 3 ) using (6.2) and define 1 using (6.1), 6.5. Orthotropic class. The methodology for an orthotropic Elasticity tensor E ℎ is based on the deep investigation of the family ℱ of second-order symmetric covariants given by (4.2) . This family is orthotropic by theorem 4.8 and we have to distinguish between two cases.
(1) If there exists an orthotropic tensor a in the family ℱ , then, a direct orthonormal basis of eigenvectors for a is also a natural basis for ℱ . (2) Otherwise, we can find an orthotropic couple (a 1 , a 2 ) in ℱ . In that case, both a 1 and a 2 are transversely-isotropic and their respective main axis are orthogonal. Let 1 and
In both cases, the orthotropic normal form (2.7) is recovered by (E ℎ ) D 2 = ⋆ E ℎ , where is defined by (6.1).
In [23, Theorem 10.2] , it was shown that if E ℎ is orthotropic, then the triplet (d ′ , v ′ , d 2 ′ ) is either orthotropic or transversely-isotropic. This observation leads to a possible optimization of the methodology proposed above.
• If this triplet is orthotropic, our methodology can be optimized, by looking for an orthotropic tensor or an orthotropic couple of transversely-isotropic tensors in this triplet rather than in the whole family ℱ . • If the triplet is transversely-isotropic, an alternative methodology similar to the one used for a trigonal or a tetragonal tensor is still possible and is detailed below.
(1) Extract a transversely-isotropic deviator t from the triplet (d ′ , v ′ , d 2 ′ ). (2) Compute 3 with ‖ 3 ‖ = 1 as a solution of the linear system
as explained in remark 4.5. (3) Complete 3 into a direct orthonormal basis ℬ 1 = ( 1 , 2 , 3 ) of R 3 , using (6.2) for instance, and define 1 as the rotation given by (6.1). (4) Compute E := 1 ⋆ E ℎ and let 0 be a solution of (6.6) 2 3312 cos 2 = ( 1133 − 2233 ) sin 2 which always exists as E is an orthotropic tensor. and is its orthotropic normal form (2.7).
Example 6.10. Consider now the second orthotropic Elasticity tensor approximation (5.5) for Ni base single crystal superalloy. This time d 2 ′ = 0 (since its fourth-order harmonic part is cubic) and both d ′ and v ′ are transversely-isotropic but not of the same axis. The pair (d ′ , v ′ ) is orthotropic. The unit eigenvectors 1 and 2 corresponding respectively to the simple eigenvalue of d ′ and v ′ are
The rotation build from (6.1), with 3 = 1 × 2 , is such that the Elasticity tensor (E ′ ℎ ) D 2 = ⋆ E ℎ has the orthotropic normal form [11, 10, 19, 5, 9] , our procedure, relying on theorem 4.8, is exhaustive and allows to handle all degenerate cases. It is based on the list ℱ of second-order covariants which carries all the information required to recover the normal form of an orthotropic Elasticity tensor.
6.6. Monoclinic class. The methodology for a monoclinic Elasticity tensor E is based on the investigation of the family ℱ of second-order symmetric covariants given by (4.3) . This family is monoclinic by theorem 4.8. The algorithm is the following.
(1) Find a common eigenvector for all second-order covariants in the family ℱ , by computing the commutators ( = : [a , a ]), as in theorem 4.3. (2) Set 3 = /‖ ‖ and complete it into a direct orthonormal basis ℬ = ( 1 , 2 , 3 ), using (6.2) for instance. 
Conclusion
We have formulated effective algorithms to recover the normal form of an Elasticity tensor, measured in any basis, provided that we know to which symmetry class it belongs to (this other problem having been solved, by the way, in a previous work [23] ). Thanks to the definition of the generalized cross product (1.4) between totally symmetric tensors, a quite simple method has been proposed for Elasticity tensors with cubic symmetry, which required only to solve a linear system in five variables and diagonalize a three-dimensional symmetric matrix.
Moreover, a simple algorithm has been provided for each symmetry class of the Elasticity tensor. These procedures are moreover exhaustive. In particular, all the degenerate cases (when second-order covariants, such as d ′ and v ′ , or first-order covariants such as : [d, v] vanish) are handled. To formulate and prove these results, we have used the families of covariants derived in [23] , which were crucial to establish necessary and sufficient conditions for an Elasticity tensor to belong to a given symmetry class.
Besides, we have illustrated our methods, for each symmetry class, by applying them on experimental Elasticity tensors found in the literature. More generally, applying the above procedure to a given Elasticity tensor E allows to recognize a normal form for it and is a way to determine its symmetry class.
Appendix A. Harmonic components of considered Elasticity tensors
In this section, all the linear covariants d, v, H are given in GPa and the fourth-order harmonic part H is expressed in Voigt's representation. 
